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 Abstract:  

              In this paper, the MagnetoHydroDynamic (MHD) boundary layer flow over a nonlinear porous stretching sheet is 

investigated by employing the Homotopy Analysis Method (HAM). The numerical solution of the governing non-linear 

problem is developed.. Graphical results have been presented and discussed for the pertinent parameters. The Homotopy 

analysis method can be easily extended to solve the non-linear boundary value problems in MHD fluid flow problems. Our 

analytical and graphical results are compared with the previous works and a satisfactory agreement is noted.  

 

Keywords. MHD boundary layer equation; Nonlinear porous stretching sheet; Homotopy analysis method. 

 

1. Introduction 

                Recently, many scientist and engineers have paid more attention on new methods for solving boundary layer 

equations, arising from mathematical modeling of fluid mechanics problems Abdou et al. [1].  In 1973, McCormack et 

al.[3] introduced the stretching sheet problem. The stretching problems for steady flow have been extensively in various 

aspects, for example to non-Newtonian fluids, MHD flows, porous plate, porous medium and heat transfer analysis. The 

literature on the topic is quite extensive and hence cannot be described here in detail. In the last several years Raftari et al. 

[4] have considerable attention has been given to the study of the hydrodynamic thermal convection due to its numerous 

applications in geophysics. Chakrabarti et al.[6] developed the Hydromagnatic flows become important due to industrial 

applications. Similarly Sheet stretching is an important operation in polymer industry. This is not surprising realizing the 

fact that most studies carried out in the past on MHD flows of non-Newtonian fluids were concerned primarily with simple 

rheological models such as second-order model, or third-order model at best. 

                 However, some most recent works of eminent researchers regarding the flow over a stretching sheet may be 

mentioned in the Mukhopadhyay [9]. Although the numerical approach allows studying more complex boundary 

conditions, the importance of analytical solutions is undeniable and it is witnessed by the large amount of work performed, 

particularly in recent years, on this subject. Various kinds of solutions methods  were used to handle the boundary layer 

problem. Recently Liao [13]-[18] developed the Homotopy analysis method (HAM) by combining the standard Homotopy 

analysis and Laplace transformation method for solving nonlinear problems. This method is very well suited to physical 

problems since it does not require unnecessary linearization, discretization and other restrictive methods and assumptions 

which may change the problem being solved, sometimes seriously. From continuity of stretching sheet solution would 

induce a far field suction towards the sheet, while the stretching sheet would cause a velocity away from the sheet. Thus 

from the physical velocity of the stretching sheet is not confined within the boundary layer and the flow unlikely to exist 

unless adequate suction on the boundary is imposed.  

             Vasu et al.[24]  introduced the basic motivation of the present study is to extend our previous approach proposed in 

to solve MHD boundary layer problem over a nonlinear porous stretching sheet on semi-infinite domain..To the best of 

authors knowledge no attempt has been madeto exploit this method to solve nonlinear equation on semi-infinite domain. 

Also our aim in this article is to compare the results with solutions to the existing ones .The laminar boundary layer flow of 

a viscous incompressible fluid and heat transfer towards a stretching cylinder embedded in a porous medium. Rao et al. 

[26] examined the effects of viscous dissipation and joule heating on magneto hydrodynamics flow of a fluid with variable 

properties past a stretching vertical plate. The heat transfer due to stretching porous sheet in presence of heat source 

concluded the effect of viscous dissipation on flow over a stretching porous sheet in presence of heat source.  

 

2. Formulation of the problem 

                  Let us consider the MHD flow of an incompressible viscous fluid over a non-linear porous stretching sheet at 

0y . The fluid is electrically conducting under the influence of an applied magnetic field  xB  normal to the stretching 

sheet. The induced magnetic field is neglected. The resulting boundary-layer equations are꞉ 
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Here u  and v  are the velocity components in the x  - and y  -directions respectively,   is the kinematic viscosity,  is 

the density and  is the electrical conductivity of the fluid. In eqn. (2), the external electric field and polarization effects 

are negligible, therefore 
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The boundary conditions corresponding to the non-linear porous stretching sheet are given below 

    00,,0, Vxvcxxu n                                                                                                         (4) 

   yasyxu 0,  

                Where c  is the stretching parameter 0V is the porosity of the plate (where 0v >0 corresponds to suction and 0v

<0corresponds to injection) . Upon making use of the following substitutions 
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The resulting non-linear differential equation and boundary conditions are of the following form 

02  fMffff                                                                                                       (6) 
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  is the non-dimensional parameter, M  is the magnetic parameter, and K  is the wall mass transfer parameter.  

3. Solution of the problems using the Homotopy analysis method 

 

        This paper deals with a basic strong analytic tool for nonlinear problems, namely the Homotopy analysis method 

(HAM) which was generated by Liao [14]-[16], is employed to solve the nonlinear differential eqns. (6) - (7). The 

Homotopy analysis method is based on a basic concept in topology. Unlike perturbation techniques like, the Homotopy 

analysis method is independent of the small/large parameters. Unlike all other reported perturbation and non-perturbation 

techniques such as the artificial small parameter method, the  -expansion method  and Adomian  decomposition method, 

the Homotopy analysis method provides us a simple way to adjust and control the convergence region and rate of 

approximation series. As seen in the non-linearity present in electo hydrodynamic flow takes the form of a rational 

function, and thus, poses a greater challenge with respect to finding approximate solutions analytically. Our results show 

that even in this case, HAM yields excellent results. 
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4. Results and discussion 

                   Figure 1 represents the dimensionless distance η  versus the dimensionless velocity ( )ηf ′ . From Fig. 1(a) , it is 

noted that when the effects of the mass suction parameter K  decreases the corresponding velocity profile also increases in 

some fixed values of the other  parameters ., Mβ  From Fig. 1(b), it is inferred that when the magnetic parameter M  

decreases the corresponding dimensionless velocity profile increases in some fixed values of the other  parameters ., Kβ  

From Fig. 1(c), it is depict that when the non-dimensional parameter β  increases the corresponding dimensionless velocity 

profile also decreases in some fixed values of the other parameter ., KM
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Fig. 2꞉ Dimensionless distance η  versus the dimensionless velocity ( )ηf ′  . The curves are plotted using the eqn.(8) for 

various values of  the dimensionless parameters KMβ ,,  and in some fixed values of  the other  dimensionless 

parameters, when 

      ;2.0,3.0;2.0,1.0;3.0,1.0  KMcKbMa 
 

 

Table 1 Comparison of the numerical value of    0f  

K    M  

Croco Transformation
 

Shooting Method
 

Previous 

work 

Current 

work 

Previous 

work 

Current 

work 

0 1.5 0 -1.4902 -1.4900 -1.4860 -1.4860 

  1 -1.5253 -1.5253 -1.52527 -1.52529 

  5 -2.51616 -2.51617 -2.5162 -2.5164 

  10 -3.36632 -3.36633 -3.36631 -3.36635 

  50 -7.16471 -7.16472 -7.16471 -7.16473 

  100 -10.0664 -10.0663 -10.0664 -10.0665 

 

Table 2Comparison of the numerical value of    0f
 

 

K    M  

Croco Transformation
 

Shooting Method
 

Previous 

work 

Current 

work 

Previous 

work 

Current 

work 

0 5 0 -1.90433 -1.90433 -1.9025 -1.9026 

  1 -2.15344 -2.15345 -2.1529 -2.1529 

  5 -2.94150 -2.94150 -2.94144 -2.94145 

  10 -3.69567 -3.69568 -3.6956 -3.6956 
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  50 -7.32561 -7.32561 -7.3256 -7.3258 

  100 -10.1816 -10.1818 -10.1816 -10.1816 

 

5. Conclusion 

                         In this paper the modified Homotopy analysis method is employed to get the analytical solution for the 

MHD flow over a nonlinear porous stretching sheet is derived mathematically and graphically. we describe the analysis for 

third order nonlinear differential equation over an infinite interval arising in MHD boundary layer flow. The semi-

numerical schemes described here offer advantages over solutions obtained by HAM and numerical methods etc. The 

results are presented in Tables and the effects of the emerging parameters are discussed numerically. 
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Appendix: A 

Basic Concept of the Homotopy analysis method  

Consider the following differential equation: 

0)]([ tuN
                                                                                                                          

(A.1) 

Where N  is a nonlinear operator, t  denotes an independent variable, )(tu  is an unknown function. For simplicity, we 

ignore all boundary or initial conditions, which can be treated in the similar way. By means of generalizing the 

conventional Homotopy method, Liao constructed the so-called zero-order deformation equation as: 

   );()()();()1( ptNtphHtuptLp o  
                                                                       

(A.2) 

where  1,0p  is the embedding parameter, 0h  is a nonzero auxiliary parameter, 0)( tH  is an auxiliary function, 

L  an auxiliary linear operator, )(tuo  is an initial guess of ):(),( pttu   is an unknown function. It is important to note 

that one has great freedom to choose auxiliary unknowns in HAM. Obviously, when 0p  and ,1p  it holds: 

)()1;()()0;( tutandtexttut o  
                                                                                 

(A.3)                                               

respectively. Thus, as p  increases from 0 to 1, the solution );( pt  varies from the initial guess )(tuo  to the solution 

)(tu . 

Expanding );( pt  in Taylor series with respect to p , we have: 
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If the auxiliary linear operator, the initial guess, the auxiliary parameter h , and the auxiliary function are so properly 

chosen, the series eqn.(A.4) converges at 1p  then we have: 
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Differentiating the eqn.(A.2) for m  times with respect to the embedding parameter p , and then setting 0p and finally 

dividing them by m!, we will have the so-called thm -order deformation equation as: 
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Applying 
1L  on both side of equation (A7), we get 
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In this way, it is easily to obtain mu for 1m , at 
thM  order, we have 
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(A.11) 

When ,M  we get an accurate approximation of the original eqn. (A.1). For the convergence of the above method 

we refer the reader to Liao [15]. If the eqn.(A.1) admits unique solution, then this method will produce the unique solution. 

Appendix: B 

Solution of the non-linear differential eqns.(8)-(11) using the Homotopy analysis method 

         The analytical expressions involves in the equation (8) and (11) for )(f  are derived using HAM method.  The 

eqns.(6)  - (7) are as follows, 
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We construct the Homotopy for the equations (B.1) as follows, 
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The approximate solution of the eqn.(B.1)  is as follows: 
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By substituting the eqn.(B.5) into an eqn. (B.4) we get 
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Equating the coefficients of 
0p  for the equations (B.5) we get 
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By taking the initial solution as 
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Solving (B.6) and (B.7) using the boundary conditions (B.2), we get 
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According to Homotopy analysis method we have 
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Using the equations (B.8) and (B.9) in equation (B.13) we get the solution obtained in the text eqn.(8).  

Appendix C: 

Nomenclature 

 

 

 

 

 

 

 

 
 

 

Symbol Meaning 

  Kinematic viscosity 

  Density 

  Electrical conductivity 

0V  Porosity of the plate 

C  Stretching parameter 

  Non- dimensional parameter 

M  Magnetic parameter 

K  Wall mass transfer parameter 

u
 Velocity component in x-direction 

v
 Velocity component in y-direction 

f 
 

Dimensionless velocity 


 Dimensionless distance 


