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ABSTRACT

The ternary quadratic equation given by is considered and searched for its many different integer solution. Seven different
choices of integer solution of the above equations are presented. A few interesting relations between the solutions and special polynomial

numbers are presented.
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Notation:

tm,n _ n l:l"‘ (n —21)m — 2)i|
2
PR, =n(n+1)
Gp=2n-1

INTRODUCTION

The Diophantine equations offer an unlimited
field for research due to their variety [1-3]. In particular ,
one may refer [4-12] for quadratic equations with three
unknowns. This communication concerns with yet
another interesting equation representing homogeneous
equation with three unknowns for determining its
infinitely many non-zero integral points. Also,few
interesting relations among the solutions are presented.
METHOD OF ANALYSIS

The Quadratic Diophantine equation with three
unknowns to be solved is given by,

13x2 +3y? = 640z2 1)
Consider the linear transformation
X=X —=3T 2)
y = X +13T
Substituting (2) in (1) we get,

X2 +39T2 —=40z2 ©)
Assume z =a? +39b? 4)
Write 40 as,

40 = (1+i/39 J1—i-/39) ©)

Substituting (4) ,(5) in (3) and employing the method of
factorization, we get

(X +iv39T X ~iv39T )= L+i/39 fu -39 fa-+ /300 a —iv30b )
Equating the positive factor,

(X +iv/39T )= (L +i~/39 fa + ib~/39b ]

(X +iv/39T )= (2% ~ 78ab — 3902 }+ i/39(a2 + 2b - 3902
Equating real and imaginary parts,
X =a® —78ab — 39b?

T = a® + 2ab — 39b?

Substituting in (2)

x(a,b) = —2a? + 78b2 —84ab
y(a,b)=14a? —546b? —52ab

The non-zero distinct integer solution of (1) is obtained
as

x(a,b)=—2a? + 78b% —84ab
y(a,b)=14a? —546b? —52ab

z(a,b)=a? +39b?
PROPERTIES:

e .x(a,1) +y(a1) —148t, 4 +136P5 = 0(mod 2)
e x(al)+z(al)—83ty 5 —84P, = 0(mod3)
ez(al)+ y(al)— 67ty 4 —52P4 —50=0

e y(al)—14z(a1) = 0(mod52)

e 7x(a,1)+ y(al)+ Ggopa +1=0
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PATTERN:2
‘40’ can also be written as
40 @1+ i«/392X211— i~/39) ©)

Substituting (4) ,(5) &(6) in (3) and employing the
method of factorization, we get
(x + iW3BTx i30T (ll+i@Xll—i\/@X:;—i\/@b)z(a—i@b)z

Equating the positive factor
(x +iv35T )= 11+ iv39 a +iv/39b)
2

(x +i+/39T )= (1122 — 78ab — 429b2 )+ iv/39(a2 + 22ab — 3902 )

Equating real and imaginary parts of the above equation,
we get

x =1 @1a2 — 78ab — a29b2)
B

T — %(az + 22ab-— 39b2)
Substituting in (2)
X = 4a® — 72ab —156b~*
y =12a? +104ab — 468b?
The non- zero distinct integral solution of (1) is obtained

as
x(a,b) = 4a®> — 72ab —156b?

y(a,b) =12a? +104ab — 468b?

z(a,b) = a? +39b?
PROPERTIES:

® x(aD + y(ald) +16ty 5 —32P 5 = O(mod 2)
® x(a,D) + z(a,1) —85t, 4 + 72P;5 = O(mod 3)
® y(@a1) +z(al) + 91ty 5 —104P 4 + 429 =0
e x(a,1)—4z(a1) = 48(mod 72)

e3x(a1l)— y(al)+ Gygpa +1=0

PATTERN: 3
Write the equation (3) as

X2 4+39T? =40Z2 =<1 (7
‘1’ can be written as

,_ (7+3i/39)7—3iv39) (g)
2072

Substituting (6), (7) and (8) in (3) and employing the
method of factorization, we get

(i —ivaar ) - (-850 )7 —sio0) a1 VaO ML V30, i (a0

Equating the positive factor

(x +ivar ) 1+ 339)10¥30) ¢, g
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(x + 39T )= (— 40a? +1560b2 +3120ab)+ iv/39(40a® —1560b° —80ab)
40

Equating real and imaginary part of the above equation,

we get

X = —a? +39b? + 78ab

T =—a? —39b? —2ab

Substituting in (2)
x = —4a® +156b? —72ab

y =12a? —468b? —104ab
The non-zero distinct integral solution of (1) is obtained
as

x(a,b) = —4a? +156b? — 72ab
y(a,b) =12a? — 468b?% —104ab

z(a,b) = a? +39b?
PROPERTIES:

® x(a1l)+ y(al) —184t, 4 +352P, +312=0
e .x(a,) +z(a,1)) —69t, 5 +72P5 = 0(mod 5)
e.y(al) +z(al)—117ty 5 +104P,, = 0(mod 3)
e3x(a,1)+ y(a1)+ Gigpa +1=0

e y(a,1)—12z(a,1) = 0(mod104)

PATTERN:4

(3) can also be written as

(X +ZXX —2)=39(Z+TXZ—-T) )
Case: 1

((9) can bg written in the form of ratio as
X +2Z 3z-T) «
= ==, o]

1B3zZ+7T) (x=2) p*?~ (10)
which is equivalent to the system of double equation as

XB —13aT +Z(# —13a)=0

—Xa—38T +Z(ax+38)=0 (1)
Solving (11) by the method of cross multiplication, we
get

X =—13a?2 — 78ap + 332

T =—-13a? + 2a8 + 382

_ 2 2
z=-13? —3p (12)

Substituting (12) in (2) the non-zero distinct integer
solution of (1) are given by
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x(cx, B) = 26c:? —8Aaf — 632
v(x, B) = —182a® —52a B + 42 37
2(cx, B) = —13a? — 337

PROPERTIES:

* x(a1)+y(e 1) +20t, , +136P,, = 0(mod 2)

® x(a) + y(a,1)— 97, , +84P,, = 0(mod 3)

® y(a1)+ z(x1)+143,, +52P., —1=0

o x(a,1)+ 2z(ex,1) = 7(mod 84)

o 7x(cax, 1)+ y(ax, 1)+ Ggzogy +1=0

Case: 2

(9) can also be written in the form of the ratio as
X+Z _13(Z-T) _% 5.0

3z+T) (X-2) p

which is equivalent to the system of double equation as

XpB —3aT +Z(—3a+ L) =0

— Xa —138T +Z(A3L +ax)=0

Solving (13) by the method of cross multiplication, we

get

X =-—3a? —78aB +133%

T = -3a? +2ap+138%

z=-3a? —1337

substituting (14) in (2), the non-zero distinct integral
solution of (1) are given by

X(a, B) = 6ac® —84a 3 — 2632
y(e, B) = —42a.® — 5203 +182 32

z(a, B) = —3a® —1337

PROPERTIES:
* X(a,1) + y(e,1) —100t4 5 +136P, 5 = 0(mod 2)

o x(ax,1) + z(a,1) — 87ty 5 —84P; 4 +23=0

e y(x,1)+z(x,1) — 7ty 5 +52, 5 = 0(mod5)

® x(a1)+ 2z(ex,1) = 52(mod 84)
e 7x(a1)+ y(ax1)+ Gz, +1=0

Case: 3
(9) can be written in the form of the ratio as
X+Z (Z-T) «

soz+T) x—z pP*°

which is equivalent to the system of double equation as
XpB —39aT + Z(—39a + f) = o}

—aX — T +Z(x+ B)=0

(15)
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solving (15) by the method of cross multiplication, we
get
X = —-39«?® — 78« + B*?

T = —39a? + 2aB + B7

z =—39a? — B? (16)
substituting (16) in (2), we obtained the non-zero distinct
integral solution of (1) are given by

x(a, B)=78a? —84ap — 232

y(a, B) = —-546a? —52a3 +14,3%

z2(a, B) = -39 ? — B2

PROPERTIES:
e x(a1)+ y(a,1)+ 332ty 5 +136P, 5 = 0(mod 3)

o X(ax,1) + z(x,1) =123ty 5 +84P, 5 = 0(mod 3)
e.y(a 1)+ z(a,1) + 533ty 5 +52P(13}13=0

e y(a1)—14z(a,1) = 24(mod 52)
® 7x(ax 1)+ y(a 1)+ Gzog, +1=0
Case:4

(9) can be written in the form of the ratio as

X +Z =39(Z—T)=g”8¢o
Z+T X —Z VZ

which is equivalent to the system of doujalg)equation as
Xp—aT +Z(—a+ B)=0

—aX —398T +Z(ax+398) =0 (18)

Solving (18) by the method of cross multiplication, we
get
X =—a?—-78ap + 3957

(19)
T=—a?+2af+3983°

z=—a? -39

Substituting (19) in (1), the non-zero distinct integral
solution of (1) are given by
x(a, B) = 2a® —84a B — 7832

y(a, B) = —14a? —52a3 + 546 32

2(a, B) = —a? —39532
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PROPERTIES:
o x(ax1)+ y(er1)—124t, ., —136P,, = O(mod 2)

o x(x, 1)+ z(x,1)—85t, , +84P,, +117 = O

e y(x1)+ z(ex,1)— 37, , +52P,, = O(mod 3)
e y(x,1)—14z(er,1) = O(mod 52)

e 7x(x1)—14z(x 1)+ Gglg, +1=0

CONCLUSION:

In this paper, an attempt has been made to
obtain non-zero distinct integer solutions to the ternary
quadratic diophantine equation representing

13x2+3y2=64022 homogenous cone. As the

Diophantine equations are rich in variety, one may
search for integer solutions to higher degree Diophantine
equations with multiple variables along with suitable
properties.
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