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ABSTRACT 
The ternary quadratic equation given by   is considered and searched for its many different integer solution. Seven different 

choices of integer solution of the above equations are presented. A few interesting relations between the solutions and special polynomial 

numbers are presented. 
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INTRODUCTION 

 

The Diophantine equations offer an unlimited 

field for research due to their variety [1-3]. In particular , 

one may refer [4-12] for quadratic equations with three 

unknowns. This communication concerns with yet 

another interesting equation  representing homogeneous 

equation with three unknowns for determining its 

infinitely many non-zero integral points. Also,few 

interesting relations among the solutions are presented. 

METHOD OF ANALYSIS 

The Quadratic Diophantine equation with three 

unknowns to be solved is given by, 
222 640313 zyx                         (1) 

Consider the linear transformation 

         







TXy

TXx

13

3                                 (2)    

Substituting (2) in (1) we get,       
                                  

         (3)  

 

Assume   
22 39baz                        (4) 

Write 40 as,                                                                                              

  39139140 ii                              (5)                                     

Substituting (4) ,(5)   in (3) and employing the method of 

factorization, we get 

        22
39393913913939 biabiaiiTiXTiX 

 
Equating  the positive factor, 

    23939139 bibaiTiX   

     2222 39239397839 babaibabaTiX   
Equating real and imaginary parts, 

22

22

392

3978

babaT

babaX





 
Substituting in (2) 

 

  abbabay

abbabax

5254614,

84782,

22

22





 
The non-zero distinct integer solution of (1) is obtained 

as 

 

 

  22

22

22

39,

5254614,

84782,

babaz

abbabay

abbabax







 
PROPERTIES: 

    011,1,7 320  aGayax
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   

   

     52mod01,141,

05052671,1,

)3(mod084831,1,.

)2(mod0136148)1,()1,(.

,4

,4

,4




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

azay

Ptayaz

Ptazax

Ptayax

raa

raa

raa
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22

22

22

39),(

46810412),(

156724),(

babaz

bababay

bababax







PATTERN:2                                        

 „40‟ can also be written as 

       

  
22

39113911
40

ii 
            (6) 

Substituting (4) ,(5) &(6)  in (3) and employing the 

method of factorization, we get 

        
2

22

2

393939113911
3939

biabiaii
TiXTiX




Equating  the positive factor 

    
2

393911
39

2
biai

TiX



                 

             
        

     2222 392239429781139 babaibabaTiX 

Equating real and imaginary parts of the above equation, 

we get 

 

                                        

 22 3922
2

1
babaT 

 

Substituting in (2) 

22 156724 babax    
22 46810412 babay   

The non- zero distinct integral solution of (1) is obtained 

as 

 

PROPERTIES: 

 )2(mod03216)1,()1,( ,4  raa Ptayax  

 )3(mod07285)1,()1,( ,4  raa Ptazax  

 042910491)1,()1,( ,4  raa Ptazay  
     72mod481,41,  azax

   
    011,1,3 160  aGayax  

 

PATTERN: 3 

        Write the equation (3) as 

14039 222  ZTX                  (7) 

„1‟ can  be written as 

  
220

39373937
1

ii 
     (8)                                                        

 

Substituting (6), (7) and (8) in (3) and employing the 

method of factorization, we get 

           22

22
3939

2

39113911

20

39373937
3939 biabia

iiii
TiXTiX 




Equating the positive factor 

      239
2

3911

20

3937
39 bia

ii
TiX 


  

                   

     
40

80156040393120156040
39

2222 abbaiabba
TiX




Equating real and imaginary part of the above equation, 

we get 

abbaT

abbaX

239

7839

22

22




 

Substituting in (2) 

abbay

abbax

10446812

721564

22

22





 
 The non-zero distinct integral solution of (1) is obtained 

as

 
 

22

22

22

39),(

10446812),(

721564,

babaz

abbabay

abbabax







 

PROPERTIES: 

   0312352184)1,(1, ,4  raa Ptayax
                

)5(mod07269)1,()1,(. ,4  raa Ptazax
                 

  )3(mod01041171,)1,(. ,4  raa Ptazay
 

    011,1,3 160  aGayax  

     104mod01,121,  azay  

PATTERN:4 
(3) can also be  written as 

     TZTZZXZX  39           (9) 

Case: 1 
  (9) can be written in the form of ratio as              
 
 

 
 

0,
3

13
















ZX

TZ

TZ

ZX

       (10)

 

which is equivalent to the system of double equation as            

 

 

  







033

01313





ZTX

ZTX

         (11)                      

 

Solving (11) by the method of cross multiplication, we 

get 

     
22

22

22

313

3213

37813













z

T

X
















          (12) 

Substituting (12) in (2)  the non-zero distinct integer 

solution of (1) are given by 

 22 4297811
2

1
babaX 
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22

22

22

313),(

4252182),(

68426),(













z

y

x

  

 

PROPERTIES: 
    )2(mod013620)1,(1, ,4  raa Ptyx   

   )3(mod084971,)1,( ,4  raa Pyx   

     01521431,1, ,4  raa Pzy 
 

     84mod71,21,   zx  

    011,1,7 320   Gyx  

Case: 2 
(9) can also be written in the form of the ratio as 

 
0,

)(

)(13

3
















ZX

TZ

TZ

ZX

 

 

which is equivalent to the system of double equation as 

  







01313

0)3(3





ZTX

ZTX

                     (13)

 

Solving (13) by the method of cross multiplication, we 

get 





















22

22

22

133

1323

13783







z

T

X

                        (14)

 

substituting (14) in (2), the non-zero distinct integral 

solution of (1) are given by 

22

22

22

133),(

1825242),(

26846),(













z

y

x

 

 

PROPERTIES:
   

)2(mod0136100)1,()1,( ,,4  ara Ptyx 

)5(mod0527)1,()1,(.

0238487)1,()1,(.

,,4

,,4





ara

ara

tzy

Ptzx




                

      84mod521,21,   zx  
     011,1,7 320   Gyx  

Case: 3 
 (9) can be written in the form of the ratio as 

0,
)(

)(39
















ZX

TZ

TZ

ZX   

which is equivalent to the system of double equation as 

                 












0)(

0)39(39





ZTX

ZTX

                                                                               

(15) 

 

solving (15) by the method of cross multiplication, we 

get 

  




















22

22

22

39

239

7839







z

T

X

                    (16)

 

substituting (16) in (2), we obtained the non-zero distinct 

integral solution of (1) are given by 

 

22

22

22

39),(

1452546),(

28478,













z

y

x

 

PROPERTIES: 
   

  01352533)1,(1,.

)3(mod084123)1,()1,(

)3(mod01363321,1,

,,4

,,4

,,4







ara

ara

ara

Ptzy

Ptzx

Ptyx







 
      52mod241,141,   zy  

      011,1,7 320   Gyx  

Case:4 

(9) can be written in the form of the ratio as 

0,
)(39
















ZX

TZ

TZ

ZX

                                                  (17)

 

which is equivalent to the system of double equation as 













0)39(39

0)(





ZTX

ZTX

                     (18)                                                        

 

Solving  (18) by the method of cross multiplication, we 

get 





















22

22

22

39

392

3978







z

T

X

                             (19) 

Substituting (19) in (1), the non-zero distinct integral 

solution of (1) are given by 

22

22

22

39),(

5465214),(

78842),(













z

y

x
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PROPERTIES: 
   

   

   

     

    011,141,7

52mod01,141,

)3(mod052371,1,

011784851,1,

)2(mod01361241,1,.

320

,4

,4

,4





















Gzx

zy

Ptzy

Ptzx

Ptyx

raa

raa

raa

 

CONCLUSION:  

                In this paper, an attempt has been made to 

obtain non-zero distinct integer solutions to the ternary 

quadratic diophantine equation representing 

222 640313 zyx 
 

homogenous cone. As the 

Diophantine equations are rich in variety, one may 

search for integer solutions to higher degree Diophantine 

equations with multiple variables along with suitable 

properties.
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