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ABSTRACT

The ternary quadratic equation given by is considered and searched for its many different integer solution. Five
different choices of integer solution of the above equations are presented. A few interesting relations between the solutions

and special polygonal numbers are presented.
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INTRODUCTION

The Diophantine equations offer an unlimited
field for research due to their variety [1-3]. In particular,
one may refer [4-8] for quadratic equations with three
unknowns.  This communication concerns with yet
another interesting equation representing homogeneous
equation with three for determining its infinitely many
non-zero integral points. Also, few interesting relations
among the solutions are presented.

NOTATIONS:
. tm]n = nth term of a regular polygon with m
sides.

_ n(1+ WJ
2
o Prn =pronic number of rank n

=n(n+1)
METHOD OF ANALYSIs
The Quadratic Diophantine equation with three
unknowns to be solved is given by

X% +10xy +32y° =872 1)
(x2 +10xy + 25y? )+ 7y2=8z7

(x+5y)? +7y2 =82z2(2)

The substituting

U =x+5y 3)

in (1) we get,

Uz+7y° =822 4

(4) Is solved through different approaches and the

different patterns of solutions of (1) obtained are
presented below.

PATTERN: 1
Assume
z=a’+7b?
Write ‘8’ as

©)

8=[L+iV7JL-iV7) ©)
Substituting (5) and (6) in (4), we get

U +iVTyu —iv7y)=l+ VT f-iv7 fa+iv7b) (a—iv7bf
Consider the positive factor

U +i7y =+iv7 fa+iv7b)

U +iv7y)=(a? — 7b? + 2abi/7 J1+iV/7)

(U + iﬁy): (a2 —7b? —14ab)+ i«/?(a2 —7b? + 2ab)

Equating real and imaginary parts
U =a® —7b* —14ab
y=a’ —7b?% +2ab
We obtain the non-zero distinct integral solution of (1) as
x(a,b) = —4a® — 24ab + 28b*
yv(a,b)=a? —7b? 4+ 2ab
z(a,b) = a? + 7b*?
PROPERTIES:
1 x(Al)—z(Al)—21t, , +24p, =21
2 y(A1)—z(A1)+2t, , —2p,, =0(mod7)
3.y(ALD+z(A1)—2p,, =0
PATTERN: 2
‘8’ can also written as
8=(6B+iv7) 5—iv7) @)
22
Substituting (5) & (7) in (4), we get
U +iv7ylu —iv7y)=(a+iv7bf(@a—iv7by E+iv7)5-iv7) iﬁzzs_ W7

Consider the positive factor
U +iv7y)= (@+iv7b) ﬁ“%ﬁ)
U +iv7y)= L"'_’JFZ;‘/7)(8L2 — 7b2 4 2i</7ab)

U +ivTy)= 5a% —14ab —35b? +;ﬁ(a2 +10ab —7b?)

Equating real and imaginary parts
5a? —14ab — 35b?
2
a’® +10ab — 7b?
Y= 2

U =
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Assume a=2A, b=2B in the above equation and in view
of (3), we obtain the non-zero distinct integral solution of
(1) as

x(A,B)=—-128AB

y(A,B)=2A% + 20AB -14B*?
z(A,B)=4A? +28B*

PROPERTIES:

L x(A1)+ y(A1)—110t, , +108p,, =0(mod 7)

2. x(ALD)+ z(A1)—132t, o +128p, . = 28

3 x(A1)—z(A1)—124t, , +128p,, +28 =0
PATTERN: 3
(4) can also written as
U2 +7y2 —822=1(8)
‘1’ can also be written as

1 B+ivV7)3—iV7)(9)
42

Write ‘8 as

8=Q+iv7)1—iv7) (10)
Substituting (9), (10) in (8), we get

U +ivTylu -ivTy)= [(a+i«/7b)z(a—i«/7b)z(l+iﬁXl—iﬁ)]{m#W}

Consider the positive factor
L +iv7y)= [(a +iTb) @+ iﬁ)]*[(?’ﬂl\ﬁ)}

U +iv7y)=|[(@* —7b2 +i2aby7 J1+i/7)|*
3+i/7

R

(U . iﬁy): (- 4a? + 2802 —56ab)4;iﬁ(4a2 —280” —8ab)

Equating real and imaginary parts of the above equation,

we get

U =—-a?+7b? —14ab

y =a? —7b? —2ab

We obtain the non-zero distinct integral solution of (1) as

x(A, B)=—6a® + 42b* — 4ab

y(A,B)=a?® —7b® —2ab

z(A,B)=a® +7b?

PROPERTIES:

L x(AD)+ y(AD)~t, . +6p,, =35

2.x(AD)+z(Al)+t, , +4p,, =0(mod7)

3. y(AL)+z(AL)— 4, , +2p,, =0

PATTERN: 4
‘1’can also be written as
. @+ 3“/78X217 3i+/7) (1)

Substituting (10) and (11), we
U +iviyJu -ivy)- [(a+iﬁb)2(aiﬁbZXhiﬁXliﬁ)}*{ﬁ—l—)l+3i\izl_3iﬁ }

Consider the positive factor

L +iv7y)=[a+riv7p)P @+ iﬁ)]*[LM_iﬁ)]

8
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U +iv7y)=[@z - 702 +i2abﬁ)(1+iﬁ)]*[ 1+?;3iﬁ J

ivTy)= (~5a2 +35b2 —14ab);— i~/7(a? —7b? —10ab)
Equating real and imaginary parts of the above equation,
we get

—5a? +35b? —14ab

2

a® —7b? —10ab
Y= 2
Assume a=5A, b=5B in the above equations, we obtain
the non-zero integral solution of (1) as
x(A,B)= —20A% +140B° + 72AB
y(A,B)=2A% —14B%* —20AB
z(A,B)=4A% +28B*
PROPERTIES:
1. x(A1)+ y(A1)+ 70t, o —52p, . = O(mod 2)

2. x(AL)+ z(A1)+88t, , — 72p,, =168

(]

U =

3. y(Al)+z(A1)—26t, , +20p,, =14
PATTERN: 5
(4) Can also be written as
(U 2 22): 7(22 - yz)
U+2)U-2)=7(z+y)z—-y) @
Case: 1
Equation (12) can be written as
U+z z—y _2(13)
7(z+y) U—-z p
Which is equivalent to the system of double equation as
LU —Tay +(—a+ B)z = o}(14)
—aU — py +(ax+ B)z=0
Solving (14) by method cross multiplication, we get
U=—7c?~+3%—-14aps (15)
—p? —2ap
z=—T7a?— 3*?
Substituting (15) in (3) and we obtain the non-zero
distinct integer solution of (1) as
x(ct, B) = —42a® +68°% —daf
(e, B)=7Ta? — p? —2ap
2(a, B)=—Ta? — B?
PROPERTIES:
L x(e¢ )+ y(B)+29t, , +6p,, =5
2. x(xx 1)+ z( 1) + 45t, , +4p,, =0(mod5)
3 y(e)+ z(x1)—2t,,, +2p,, +2=0

Case: 2
Equation (12) can be written as

y=a?

U+z 7(z—y) «
zZ+Yy U —z Z

to the system of double equation as
pPU —ay+(—a+p)z=0 }(17)

—aU -7y +(ax+7B)z=0

Solving (17) by method cross multiplication, we get

(16)which is equivalent
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U=—a?+7p°-14ap (18)
y=a?—-78°—-2ap

z=—a? 747

Substituting (18) in (3) and the non-zero distinct integral
solution of (1) are given by

x(at, B) = —6a® +423% —4Aapf
y(a,p)=a? -7p% —2ap

2(ex, B)=—a?® — 737
PROPERTIES:

1 x(ex 1)+ z(ex, )+ 3t, , +4p,, =35
2. x(ex )+ y(a1)—t, , +6p,, =0(mod7)
3. y(a 1)+ z(ex1)—2t, , +2p,, =0(mod 2)

Case: 3
(12) can be written as

U+z 7(z+y) « (19)
z—Yy T U —z E

which is equivalent to the system of double equations as
PU +ay+(—a+B)z=0 (20)
—aU + 78y +(ax+73)z :o}>

Solving (2.20) by method of cross multiplication, we get
U=a?—-7p%+14ap 1)
yv=a?®—-78%—-2ap

zZ=a?+73%2
Substituting (21) in (3), the non-zero distinct integral
solution of (1) is given by

x(a, B)= —4a?® +28+ 24a
y(a,B)=a? -7p% —2ap

2(a, B)=a® +73°
PROPERTIES:
1. x(a1)+ z(a1)— 21, , —24p,, = 0(mod5)
2. x(x1)— z(ex 1)+ 29, , —24p,, =21

3 y(e )+ z(x1)—4t, , +2p,, =0
Case: 4

(12) can be written as

U—-z_ 7(z+y)_« (22)

z—Yy U+ 2z Y3
Which is equivalent to the system of double equations as
PU +ay —(ax+p)z=0 } (23)
—oU + 78y +(—a+78)z=0
Solving (2.23) by method of cross multiplication, we get
U=—a?+78%+14ap (24)
y=a?—-7pB%+2ap

z=a?+7p%
Substituting (24) in (3), the non-zero distinct integral
solution of (1) is given by

x(ct, B) = —6a® +423% + 4af

y(a, B)=a® —7B% +2ap

z2(ax, B)=ax® + 737
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PROPERTIES:
L x(a)+ y(ed)+11t, , —6p,,, =0(mod5)
2. x(a)+ z(x, 1)+ 9, , —4p,, =49
3. y(a1)+ z(x1)—2p,, =0
CONCLUSION

In this Dissertation, we have made an attempt to
obtain infinitely many non-zero distinct integer solutions
to special ternary quadratic Diophantine equation
x?+10xy+32y? = 8z * . In each case, a few interesting
relations among the solution are presented. As the
Diophantine equations are rich in variety, one may
search for integer solutions to higher degree Diophantine
equations with multiple variables along with suitable
properties.
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